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Abstract. In this paper we define an invariant of a pair of 6 dimensional 
symplectic manifold with vanishing 1st Chern class and its Lagrangian sub- 
manifold with vanishing Maslov index. This invariant is a function on the set 
of the path connected components of the bounding cochains (solution of A 
infinity version of Maurer-Cartan equation of the filtered A infinity algebra 
associated to the Lagrangian submanifold). In the case when the Lagrangian 
submanifold is a rational homology sphere, it becomes a numerical invariant. 

This invariant depends on the choice of almost complex structure. The way 
how it depends on the almost complex structure is described by a wall crossing 
formula which involves moduli space of pseudo-holomorphic spheres. 
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1. Introduction 

Eirhis paper is a continuation of [7] Subsection 3.6.4 and [5]. 

Let {M,uj) be a symplectic manifold of (real) dimension 2x3. We assume that 
c^{M) = in iJ^(M;Q). (Here we use compatible almost complex structure of 
tangent bundle to define c^{M).) Let L C M be a relatively spin Lagrangian 
submanifold and /i^ : iJ2(M, L;Z) — > 2Z its Maslov index homomorphism. (See 
Subsection 2.1.1.) We assume that /i^ is 0. In this paper we consider such 
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a pair {M,L). A typical example is a pair of a Calabi-Yau 3 fold M, and its 
special Lagrangian submanifold L. This is one of the most interesting cases of 
(homological) mirror symmetry. Our main purpose of this paper is to define and 
study an invariant of such (Af, L). It is independent of various choices involved in 
the construction but depends on the almost complex structure J of M . 

We consider Ai{L; J; A+) the set of 'A+-valued points of Maurer-Cartan formal 
scheme' of the filtered A^c structure associated to L. This is the set of gauge 
equivalence classes of bounding cochains and defined in [J Section 4.3. (Here we 
include J in the notation since J dependence is rather crucial in this paper.) We 
study cychc filtered Aoo algebra (A(L), (•), {m;^ ^}) produced in 5 by modifying 
the construction of 7J. In our case where fi^ is we can reduce the coefficient 
ring to Ag = Aq^^^^, that is the degree part of the universal Novikov ring with 
M coefficient. (The universal Novikov ring is defined at [7] begining of Subsection 
1.2.) We denote by A+ its maximal ideal. Let [b] € M{L; J; We define a 

superpotcntial (without leading term) by: 

(1) - E E JTl^<P^^^ ■■■,b),b). 

k=0 fj 

To obtain a superpotcntial which is independent of the perturbation and other 
choices involved, we need to add the constant term to it. Note is defined by 
using moduli space M.k+i{P', J) of pseudo-holomorphic discs with fc + 1 marked 
points and of homology class /3 S H2{M, L; Z). We use A4o{P; J), the moduli space 
of J holomorphic discs, of homology class P without marked point, to define 

(2) m^i,0 "=" #Xo(/3; J)- 
(See Sections I3I4I for precise definition.) and put 

(3) ^{b;J) = ^'{b;J)+ Yl Tf'^^^i.^p- 

More precisely we assume that our almost complex structure J satisfies the follow- 
ing: 

Assumption 1. There exists no nontrival J-holomorphic sphere v : S'^ M such 
that v{S^)nL^9. 

By dimension counting we find that the set of such J is dense. 

Theorem 1.1. (1) If J satisfies the Assumptionlll then there exists a function 

^ : H\L;A+) A+ 

which depends not only on J hut also on perturbation etc. 

(2) There exists an isomorphism between the set A1(i; J;A_|_) and the set of 
critical points of 4* . 

(3) The restriction of 5* to its critical point set A4{L; J; A_|_) depends only on 
M,L, J and is independent of the choice of perturbation etc. 

We call the superpotcntial. The value ^'(6) depends only on the path connected 
component oi b ^ A4{L; J). See Proposition 12.31 

Corollary 1.1. If L is a rational homology sphere in addition, then A4{L; J; A^) 
is one point. So the value of ^ at that point is an invariant of M, L, J. 
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In Sections [2] and [3] we develop the theory of superpotential of cyclic filtered Aoc 
algebra of dimension 3 with additional data corresponding to m'^i p. In Section [2] 
we fix our cyclic filtered Aoc algebra and review the construction of superpotential 
and its gauge invariance. We next study its relation to pseudo-isotopy of cyclic 
filtered Aoo algebra to complete the algebraic part of the proof of Theorem 11.11 in 
Section [3) The algebraic structure we assumed in Sections [5] and [3] are realized in 
Section 21 where the proof of Theorem 11.11 is completed. 

We can extend the domain _ff^(L;A+) of the definition of ^'(6; J) as follows. 
Let ei, i = 1, . . . ,bi he the basis of i7^(L;Z) /Torsion. We put b = J^^i^i where 
Xi S Aq. We put 

oo _^ 

fc=0 

We define the strongly convergent Laurent power series ring (See 

Ao((yi, ■ • ■,ybi,yi^, ■ ■ 

as the set of formal sums 

oo 

(4) /(2/i,...,ybJ = ^r^'P,(j/i,...,ybJ 

i=i 

where Xi G ]R.>o with lim^^oo A; — oo and Pi are Laurent polynomial. We remark 
that for each / as in ([4]) and r)i, . . . , {)bi G Aq with v{t)i) = 0, the sum 

oo 

^T^-P,(tii,...,OfcJ 

1=1 

converges in T adic topology. Therefore /(t)i, . . . , rih^) is well defined. 

Theorem 1.2. (1) ^-(6, J) e Ao((2/i, . . . , y^, , yf', • ■ • , 2/fc"'))- 

(2) There exists S > such that 5" is extended to 

(5) {{yi,...,yb,)\-S<v{y^)<6}. 

(3) Its critical point set is identified with M{L] J)s which is introduced in The- 
orem 1.2 [5j. 

(4) The restriction of ^' to A4{L;J)s is independent of the perturbation etc. 
and depends only on M, L, J . 

Here w(-) is defined by 

v(J2a^T^') -inf{A, | a, ^ 0}. 
We prove Theorem 11.21 in Section [7l 

In SectionElwe use canonical model constructed in [7] Section 4.5 and [5] Section 
10, to rewrite the definition of 4". 

In Section[6]we discuss the way how superpotential ^E* depends on almost complex 
structure. The main result is Theorem 11.31 below. We assume that Jq and Ji 
satisfy Assumption [TJ We take a path J' = {Jt \ t € [0,1]} of tame almost complex 
structures joining them. Let A4f{a; J) be the moduli space of J holomorphic stable 
maps of genus zero in M of homology class a € H2(M;Z) and with one marked 
point. It has a Kuranishi structure of (virtual) dimension 2. We put 

(6) Mf{a;J)= \J {t} x Mf (a; Jt) . 

te[o,i] 
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Using evaluation map ev ; A4i^{a; J) — > M we obtain a virtual fundamental chain 
evt,{[Ml^{a; J')]) of dimension 3. Since Jo and Ji satisfy Assumption [T] it follows 
that 

LnevidMfia^J)) = 0. 

Therefore 

(7) a; J) = [L] n ev^lMfia; J)]) e Q 

is well-defined. Moreover it depends only on M, L,a, Jo, Ji and is independent of 
the path J. 

Theorem 1.3. Let [b] G Jo)- We take canonical isomorphism : M.{L; Jq) — 

M{L; Ji) in j7j Section 4.3. Then we have: 

(8) f (/,(&), Ji (6, Jo )^ T"'"^n{L;a;J). 

aeH2{M-Z) 

Theorem 11.31 is proved in Section [6l In Section [8] we discuss some conjectures, 
open problems, and relations to various related topics. 

Remark 1. (1) Superpotential of the form ([T]) appears in the physics literature 

[niEni. 

(2) The idea to include the 2nd term of ((3]) to obtain a numerical invariant of 
Lagrangian submanifold is due to D. Joyce. It was communicated to the 
author by P. Seidel around 2002, who also explained him the importance 
of cyclic symmetry for this purpose. (However the appearance of nontrivial 
wall crossing by the change of J was unknown at that time.) 

(3) The appearance of the nonzero wall crossing term in the right hand side 
of ^ is closely related to the phenomenon discussed in [7] Section 3.8 and 
Subsection 7.4.1. Around the same time as the authors of [7] found this 
phenomenon, a similar observation was done independently by M. Liu [16j . 

(4) A related homological algebra was discussed before by O [14]. The part 
concerning the second term of ^ is not discussed there. 

(5) All the Aoo algebras and pseudo-isotopies between them which appear in 
the geometric situation in this paper, are unital. We omit the argument on 
unitality since it is a straight forward analog of one in [5j. 

The author would like to thank to Y.-G.Oh, H. Ohta, and K. Ono. Joint works 
with them are indispensable for the author to write this paper. 

2. Superpotential and its gauge invariance 

Let (C, (•), {mfc.^}) be a G-gapped cyclic filtered algebra of dimension 3. 
Recall that G C M>o x 2Z is a discrete submononid in the sense of Condition 
3.1.6, [S] Definition 6.2. In this paper we always assume 

(9) G c M>o X {0}. 
Namely G C R>o. In this case 

mfc,^:Bfe(G[l])^G[l] 
is always of degree 1 (after degree shift). We put C+ — C (g)R A+. 
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Definition 2.1. We define 
by 

(10) vl/'(6) = 5]5]^(mfe,^(6,...,5),6). 

Remark 2. (1) More precisely the right hand side of ([TO)) converges in T adic 
topology. In various cases, it converges in the topology of [5] Definition 
13.1. (It converges in the case of filtered A^o algebra of Lagrangian Floer 
theory by [5] Theorem 1.2.) See Section[7]on the convergence. 
(2) Since deg' b = deg 6—1 = 0. We have 

deg'mfc,,3(6, ... ,6) = 1. 

Namely degmk,p{b, . . . ,b) + degb — 3. Therefore in case the dimension of 
our cyclic filtered Aoo algebra is 3, the inner product in the right hand side 
of Uni) is weU defined. 

We fix a basis e^ e C and put b = J2 XiBi. Then ^''(6) ~ J2[3 Pfii^it ■ ■ ■) where 
Pp is a formal power series. Therefore we can differentiate ^' formally. We have: 

Proposition 2.1. IfbE C\_ then the differential of ^' vanishes at b if and only if 

oo 

(11) E E^^''^"V/.(&,...,fe) = o. 

P&H2(M,L:Z) k=0 

This is [7] Proposition 3.6.50. pT|) is called the Aoo Maurer-Cartan equation. 
Definition 2.2. M{C;A+) is the set of all 6 e C| satisfying (fTT|) . 

We next review the definition of gauge equivalence from [7] Section 4.3. We 
consider 

(12) bit)^ T^^^'hit), c(t)^ T^'^'^cpit) 

1 

where bp^t), cp{t) are polynomial with coefficeint in C , C respectively. 

Definition 2.3 (See 17; Proposition 4.3.5). We say 6o G A^(C; A+) is gauge equiv- 
alent to bi e A^(C; A+) if there exists b{t),c{t) as in p2|l such that: 

(1) 6(0) = 5o,6(l)-6i. 
(2) 

, OO 

(13) -b{t) + Y ^km, b{t), c{t),b{t), b{t)) = 0. 

fc=l 

It is proved in [7 Lemma 4.3.4 that gauge equivalence is an equivalence relation. 
We denote by 7W(C; A+) the set of gauge equivalence classes. 

Remark 3. It follows from 1,2 that b{t) e M{C; A+) for any t. (T Lemma 4.3.7.) 

Proposition 2.2. If ba G A^(C; A+) is gauge equivalent to bi e A^(C; A+) then 

*'(6o) = *'(6i). 
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Proof. We have 

(14) '^^"'^^^ 

+EEittW'^^)'---''(^»'^/ 

fc=0/3eG ^ ' 

= EE(-^^MKO,...,Ki)),^). 

/c=0/3eG ^ ' 

Since b{t) e A^(C; A+), it follows that (HH) is zero. □ 

By Proposition 12 . 21 we obtain 

(15) ^' : M{C;A+) ^ Ao. 



We remark that in the proof of Proposition 1 2 . 21 we only use the existence of families 
b{t) in M{C;A+) joining bo and bi. In other words, we did not use the existence 
of c{t). Therefore we have: 

Proposition 2.3. If the map 1 1-^ b{t) G A^(C; A+) is a map then 

Remark 4. Proposition 12.31 mav imply that superpotential is locally constant on 
M{C;A+) and so 4" depends only on the 'irreducible component' of M{C;A+). 
Since the property of Ai{C; A+) as a topological space can be rather complicated, 
we do not try to study this point in this paper. 



3. PSEUDO-ISOTOPY INVARIANCE 

In [S] Definition 8.5, it is defined that (C, (•), {m|, ^}, {c|, ^}) is a pseudo-isotopy 
of cyclic filtered A^o algebra if: 

(1) ml p and ^ are smooth. Namely 

t "^fc,/3(a;i, ■■■,Xk) 

is smooth. (That is the coefficient is a smooth function of t G [0, 1].) 

(2) For each (but fixed) t, the triple (C, (•), {m|, ^}) defines a cyclic fitered A^o 
algebra. 

(3) For each (but fixed) t, and Xi G C[l], we have 

(16) (4,/3(2;i: ■ • ■,Xk),xa) = (-l)*(4^^(xo,xi, . . .,Xk-i),Xk) 

* = (degxo + l)(degxi + . . . + degXfc + k). 
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(4) For each x^ G C[l] 

t , \ 
—mk^p{xi,...,xk) 

fe-fe2 + l 

+ H XI XI (-l)*4i,/3i(^i'---''^fc2,&(2;«>---):--->a;fc) 

(17) fei+fe2=fcft+/92=/3 i=l 

fc-fc2 + l 

~ X XX '^fei,/3i(2^i'---'42,/32(2^»'- ■•)>■• -^a:^*:) 

fcl+fc2 = fc/3l+/32=/3 4=1 

= 0. 

Here * = deg' xi + . . . + deg' Xi^i. 

(5) "^1.(0.0) independent of i. c* q-, =0. 

Definition 3.1. (1) (C, (■), {trifc^/j}, {m-i^/?}) is said to be an inhomogeneous 
cyclic filtered Aoo algebra if (C, (•), {mfc.^}) is cyclic filtered Aoo algebra 
and nt_i^/3 e M. 

(2) (C, (•), {m^. {m*_]^ ^}) is said to be a pseudo-isotopy of inhomoge- 

neous cyclic filtered Aoo algebra if (C, (•), {m^ {c^ p}) is a pseudo-isotopy 
of cyclic filtered Aoo algebra, 

1 1— > mij^^ 

is a real valued smooth function and if 

(18) 1""-!.^+ X (4,ft(l),mo,&(l)) = 0- 

/3i+/32=/3 

Let (C, (•), {tTifc^^}, {c^_^}) be a pseudo-isotopy of cyclic filtered A^o algebra. We 
consider cyclic filtered A^a algebras (C, (•), {m^ ^}) and (C, (•), {nt^ ^}). By [S] 
Theorem 8.2 there exists an isomorphism 

(19) c = c(l; 0) : [C, (•), {m°,^}) ^ {C, (•), {m^,^}) 
of cyclic filtered Aoo algebra. It induces 

: M{C,{mlp}) MiC,{mU) 
by [7] Theorem 4.3.22. The main result of this section is as follows. 
Theorem 3.1. We have 

(20) ^'{c.{b)) + Y: T^^'^m\, = *'(6) + ^ T^(^)m^3. 
Proof. We also constructed 

in [5] Definition 9.4. It is an isomorphism and depends smoothly on t. We put 
bit) = c{t;0)4b)=J2ck,p{t;0){b,...,b) 

k,0 
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and 
(21) 



k=0 13 

We calculate the derivative of f{t). The derivative of the first term is: 

fc=0 ^ 



(22) + E ^ . . . , . . . , 6(0), Ki) 

fc=0 ^ 



fc=0 

The sum of 2nd and the 3rd terms of is 



5:(ml,(6(0,...,6(0),^)=0 

I — n \ / 



fc=0 



by cychc symmetry and Maurer-Cartan equation of b[t). 
We calculate the 1st term by using ([TT]) and obtain: 



oc /ei— 1 

E E E ^(4(6W,...,fc(t),m*,(6(t),...),...),6W 

oo A:2 — 1 -| 

E E E ^K(K0,---,^w,4(&(t),---),---),&w) 



fc=0 fci+A:2=fc+l i=0 

(23) 



fe = 0fci+fc2 = fe+l j=o 

We have 

(cfc, (. . . ml, (6(0, ...),■•■), b{t)) = (4 (6(0, . . .), (6(t), . . .)) 

and 

(m,, (. . . 4^ (6(0, ...),■• •), &(0) - (mi, (6(0, • ■ ■), 4, (6(0, • • •)) 

= -(4(6(0,...),mL,(6(0,...)) 
by cyclic symmetry and [5| (56). Therefore is equal to 

oo 

(24) -E E (4.(fe(0,---),ml,(6(0,...))- 

k=0 ki + k2=k+l 

Using Maurer-Cartan equation for 6(0 we find that (p4)) is equal to 

(c*(0),m*(0)). 

By (|18ll this cancels with the derivative of the 2nd term of (pij) . Namely fit) is 
independent oit. □ 
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Definition 3.2. Let (C, (•), {rrifc,/?}, {m-1,/3}) be an inhomogeneous cyclic filtered 
Aoc algebra. We call the function : M{C; A+) A+, defined by 



its superpotential. 

4. Geometric realization 

Let M be a 3 X 2 dimensional symplectic manifold with c^(M) = and L its 
relatively spin Lagrangian submanifold with vanishing Maslov index. 

In [5] Theorem 1.1, we defined a G-gapped cyclic filtered Aoo algebra (A(L), (•), {m^ 
on its de Rham complex. We also proved that its psedo-isotpy type is independent 
of the choice of J, perturbation etc. The main result of this section is as follows. 

Theorem 4.1. If J satisfies Assumption[Jl then there exists m"^^ p such that 
{A{L), {■), {m'l ij}, {m'^-j^ p}) is an inhomogeneous cyclic and gapped filetered A^c 
algebra. 

Moreover the pseudo-isotopy type of it depends only on M, L, J and is indepen- 
dent on other choices involved in the definition. 

Proof. For (3 G H2{M, L;!,) let A4k{P',J) be the moduli space of stable J holo- 
morphic maps v : (E, i9I]) — > (M, L) from bordered Riamann surface S of genus 
with connected nonempty boundary 91], and with k boundary marked points, such 
that V is of homology class (3. Let ev — {evo, ■ ■ . , evk-i) ■ Mk{f3;J) L'' be the 
evaluation maps at the boundary marked points. (See [7j Subsection 2.1.1.) 

In [5] Theorem 3.1 and Corollary 3.1, we proved an existence of its Kuranishi 
structure with the following properties: 

(1) It is compatible with the forgetful map 

(25) fotgetfc^o : MkiP; J) ^ Mo{P; J). 

(See [5] Section 3 for the precise definition of this compatibility.) 

(2) For fc > 1 the evaluation map evo : A4k{f3; J) ^ L is weakly submersive, in 
the sense of [7] Definition Al.13. 

(3) It is invariant under the cyclic permutation of the boundary marked points. 

(4) We consider the decomposition of the boundary: 

dMk+m = U U 

(26) i<i<]+i<k+i 01+02=0 

(See [7] Subsection 7.1.1.) Then the restriction of the Kuranishi structure 
of A4.k+i{P) to the left hand side coincides with the fiber product Kuranishi 
structure in the right hand side. 

(5) We consider the decomposition 

(27) dMoiP)^ U iMl{Pl)evo^evoMl{p2))/I'2. 

01+02=0 

Then, the fiber product Kuranishi structure on Mi{(3i) evo ^efo ^liP^) 
(which is well-defined by 2) coincides with the pull back of the Kuranishi 
structure to dA4o{P)- 
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We remark that in general the decomposition of the boundary of dMo{f3) is 
given by 

(28) 

Here is the moduli space of stable maps of genus zero without boudary, 

one marked point and of homology class /3 G HiiM; Z). The sum is taken over all 
^ e H-iiM; Z) which goes to /3 by : H2{M;Z) -> H2{M;L; Z). By Assumption[T] 
the 2nd term of the right hand side of (pS)) is an empty set. 

Let Eq > 0. Then in [S] Theorem 5.1 and Corollary 5.1, we proved the existence 
of system of continuous families of multisections on the above Kuranishi spaces 
Mk{l3; J) with /3 n [cj] < Eq with the following properties: 

(1) The families of multisections are transversal to 0. 

(2) It is compatible with the forgetful map ([25]) . (See Section 5 for the 
precise definition of this compatibility.) 

(3) For k > 1 the evaluation map bvq induces a submersion of its zero set, in 
the sense of [S] Definition 4.1.4. 

(4) It is invariant under the cyclic permutation of the boundary marked points. 

(5) It is compatible with the identification ((26|) . 

(6) It is compatible with the identification ((27|l . 

Let Pi G A(L) (i — 1, . . . , fc) be the differential forms on L. In [S] Section 6 we 
defined 

(29) m^;^(/9i, . . . ,pfe) = Corr(A^fe+i(/3; J); {{evi, . . . , ewfc), ewo))(pi x . . . x pk). 

Here the right hand side is the smooth correspondence associated to the above 
continuous family of perturbations. (See [5] Section 4.) (Note that ((29|) depends on 
the choice of family of multisections. The symbol s is put to clarify this dependence.) 

We next define mj^ ^. Let pt be the space consisting of one point. We have an 
obvious map tri : A4o{(3; J) pt. Note A(pt) ~ R. Moreover 

dim A^o(/3; J) = dimi - 3 + fi{(3) = 0. 
Therefore we have an R linear map: 

Cott{M^ (/?); (tri, tri)) : R ^ M. 
Definition 4.1. For f3 r\[uj] < Ea, we put 

m-^ll p = Corr(A^^(/3); (tri, tri))(l) G R. 

Definition 4.2. (1) An inhomogeneous cyclic filtered A^c algebra modulo 

is (C, (•), {mfc,/3 I E{p) < Eo}, {mi, ^ \ E{I3) < Eq}) such that (C, (•), {mk,p 
E{f3) < Eq}) is a cyclic filtered Aoo algebra modulo and m'^^ j^ G R. 
(2) A pseudo-isotopy of inhomogeneous cyclic filtered Aq^ algebra modulo 
is (C,(-),{mfc,/3 I E{I3) < Eo},Uk,p I HP) < So},{m_i,^ | E{l3) < Eo}) 
, if (C, (•), {mk,p I E{P) < Eo}, {ck,f3 | E{l3) < Eo}) is a pseudo-isotopy of 
cyclic fihered A^c algebra modulo (namely ((111) (H?]) hold for E{l3) < 
Eo) and (UHl) holds for E{f3) < Eq. 
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The modulo T^" version of Proposition 12.21 and Theorem 13.11 can be proved by 
the same proof. 

(A(L), (•), {m'l'p}, {m'^l ^}) which we defined above is an inhomogeneous cychc 
filtered Aoo algebra modulo . 

Proposition 4.1. (A(L), {■) , {m'l'p} , {m'^l ^}) is independent of the choice of Ku- 
ranishi structure and family of multisections 5 satisfying the properties listed in this 
section, up to pseudo-isotopy of inhomogeneous cyclic filtered Aqo algebra modulo 

Proof. Let us take two different choices of system of Kuranishi structures and of 
famihes of multisections. We consider [0, 1] x Mk{(3; J) and evaluation maps 

ev = {evo, . . . , evk-i) : [0, 1] x Mk{P; J) ^ L^ evt : [0, 1] x Xfe(/3; J) ^ [0, 1]. 

As in |S] Section 11 Lemmas 11.1, 11.2, we have a system of Kuranishi structures 
and continuous families of multisections on [0,1] x A4fe(/3; J) with the following 
properties: 

(1) The families of multisections are transversal to 0. 

(2) It is compatible with the forgetful map [0, l]x ()25p . 

(3) For fc > 1 the evaluation map 

(evt, evo) : [0, 1] x MkiP; J) ^ [0, 1] x L 

is weakly submersive and induces a submersion of the zero set of family of 
multisections, in the sense of |5] Definition 4.1.4. 

(4) They are invariant under the cyclic permutation of the boundary marked 
points. 

(5) It is compatible with the identification 

(6) It is compatible with the identification ((27|) . 
(7) 

evt:[0,l]xMo{/3)^[0,l] 
is weakly submersive and induces a submersion on the zero set of family of 
multisections, in the sense of Definition 4.1.4. 
(8) At io = 0, 1 the induced Kuranishi structure and families of multisccitons 
on {to} X A4k{P) coincides with given two choices of Kuranishi structures 
and of families of multisections. 

In [5] Section 11, we defined a pseudo-isotopy of cyclic filtered Aoo algebra as 
follows. Let pi, . . . , pfc G A(_L). We put 

Corr^{[0,l]x Mk+iif3;J);{evi,...,evk),{evt,evQj){piX ...X pk) 

^ ' ^ p{t) + dt Aa{t), 

and define 

(31) ml^ij{pi,...,pk) = pit), 4,3(pi,...,pfc) = cr(i). 

We next define m'^i p ■ Let tri : [0, 1] x A4o{i3; J) pt be an obvious map to a 
point. We take 1 € A°(pt) = M and put 

(32) Corr4[0,l] x Mo{(3; J);tn,evt){l) p{t) + dt A a{t). 
We then define 

(33) m\0 = p{t). 
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Lemma 4.1. (A(i), (•), {m^ {c^ {m^^ ^}) a6owe defines a pseudo-isotopy of 
inhomogeneous cyclic filtered Aq^ algebra modulo . 

Proof. In [5j Section 11 it is proved that (A(i), (•), {m|,_^}, {c^^^}) is a pseudo- 
isotopy of cychc fihered Aoo algebra modulo T^°. Therefore it suffices to check 

m- 

Let < ii < t2 < 1. We have: 

d{[h,t2]xMo{P;J)) 

{evo,evt) ^{evo,evt) ([^1:^2] X Ml{/32))) /Z2. 

/3l+/32=/3 

We now apply Stokes' formula ([5] Proposition 4.2) to the closed 1 form evl{dt) on 
the zero set of multisections on [ti,<:2] x M.o{[3\ J) and obtain: 

m\^-m\^= ^ j \clp^{llml0^{l))dt 

/9i+/32=/9"'*i 

By taking t2 derivative we obtain (fT8| . □ 
The proof of Proposition 14. II is now complete. □ 



We thus proved mod version of Theorem 14.11 We next prove the following 
inhomogeneous version of Theorem 8.1 

Lemma 4.2. Let < Eq < Ei and (C, (•), {m^ {tn^^^ ^}) he G-gapped inhomoge- 
neous cyclic filtered A^o algebra modulo T^' , for i = 0, 1. Let (C, (•), {m^ {c| {rr 
be a pseudo-isotpy of G-gapped inhomogeneous cyclic filtered A^o algebra modulo 
between them. 

Then, (C, (•), {mjj, {m!_j^ ^}) can be extended to a G-gapped inhomogeneous 
cyclic filtered A^o algebra modulo T^^ and (C, (•), {m^ {c\. {tn^j^ ^}) can be 
extended to a pseudo-isotpy of G-gapped inhomogeneous cyclic filtered Aoo algebra 
modulo between them. 

Proof. We may assume that Gn [Eo,Ei) — {Eq}. In [5] Theorem 8.1 the extension 
to cyclic filtered Aoo algebra mod T^^ and extension to pseudo-isotopy of cyclic 
filtered Aoo algebra mod T^^ are obtained. So it suffices to find m*_j^ ^ for E{P) — 
Eq. We define 



mil R =m^ 



1,13 - '"-1,;3 T- 



It is easy to check p8)) . □ 

We next construct gapped inhomogeneous cyclic filtered Aoo algebra 
(A(L), (•), {mk^/s}, {m_i,^}). Let Ei be sequence < . . . < E^ < Et+i < . . .. We 
obtain a sequence (A(L), (■}, {m).. {m^_i ^}) of inhomogenuous cyclic filtered Aoo 
algebra modulo T^' for each i. By Proposition l4.1l we have a pseudo-isotopy of inho- 



mogenuous cychc filtered Aoo algebra modulo T^' (A(L), (•), {tn^'*^}, Wk^p}^ {iTi!li p}) 
between (A(L), (•), {m*,,^, {ml,^^}) and (A(L), (•), {m^+i}, {m!+^^}). ' 

We then can use Lemma [4.21 in the same way as j5] Section 12 and Section 
7.2, to extend (A(L), (•), {mj.^^}, {m^-i^p}) to an inhomogenuous cychc filtered Aoo 
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algebra and (A(i), (•), {m^'*^}, {c^'*^}, {m'_l\ ^}) to a pseudo-isotopy of inhomogen- 
uous cyclic filtered algebra between them. They are isomorphic to each other. 
Therefore we have (A(i), (•), {mfc^^}, {m_i.^}). 

We can prove that it is independent of the choice of system of Kuranishi struc- 
tures and continuous families of multisections in the same way as [5] Section 14 
by working out the inhomogeneous version of pseudo-isotpy of pseudo-isotopies. 
We omit the detail of it. Instead, we complete the proof of Theorem 11.11 directlv 
without using inhomogeneous version of pseudo-isotpy of pseudo-isotopies but uses 
only the result of [5] Section 14 and ones of this paper. 

Let (A(L), (•), {tn^'^}, {m^^i p}) be an inhomogeneour cyclic filtered Aoo algebras 

modulo T^' obtained by alternative choices and (A(L), (•), {m^^*^}, {c^'*^}, {xn^l ^}) 
a pseudo-isotopies modulo T^* of inhomogeneour cyclic filtered Aoc algebras. We 
first extend them to inhomogeneour cyclic filtered A^c algebras and pseudo-isotopies 
among them. 

By Proposition 14.11 (A(i), (■), {tn^'^}, {m!^^ ^}) is pseudo-isotopic modulo T^' 
to (A(L), (•), {m^'_^}, {m!^;^^^}). By [5] Theorem 14.1, this pseudo-isotpy modulo 
T^' extends to a pseudo-isotpy of cyclic Aoo algebra. (We do not use the fact that 
it extends to pseudo-isotpy of inhomogeneous cyclic A^a algebras here.) Therefore 
by moduo T^' version of Theorem 13.11 we have an isomorphism 

iU). : M{A{L), {mil,}; ^+) ^ M{A{L), {mtj; A+). 

By modulo T^' version of Theorem 14.11 we have 

(34) *((fO*(6)) =*(6) modT^'. 
For i > j, let 

(c.,,), : M{A{L), {xnij; A+) ^ M{A{L), {m^,^}; A+). 

and 

(c^,,)* : M{AiL), K;^}; A+) = A^(A(L), {ml^}; A+). 
be the isomorphisms induced by the pseudo-isotopies. We have 

(35) *(«,.)*(&)) = *((4,)*(&))- 

Furthermore the construction of pseudo-isotopy of pseudo-isotopies in [S] Section 
14 imply 

(36) (f,)* ° = °(f.)*- 
([341) . ([35)) . ((361) immediately imply 

We thus proved Theorem ll.11 3. The proof of Theorem 1 1.1 1 is now complete. □ 

5. Relation to canonical model 

In [7] Subsection 5.4.4 and ^5J Section 10, we defined canonical model {H, (•), {tn|™}) 
of G-gapped cychc filtered Aoo algebra (C, (•), {mfe,^}). (We assumed C is either fi- 
nite dimensional or de Rham complex A(L).) We also constructed a G-gapped cyclic 
filtered Aoo homomorphism f : H C, which is a homotopy equivalence. Suppose 
that (G, (•), {xxik^p}, {m-i^js}) is an inhomegeneous G-gapped cyclic filtered Aoo al- 
gebra. In this section, we will define mi''"^ so that f, : M{H;A+) — > 7W(G;A+) 
preserves superpotential. 
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To define tnl™^ we need some notations. We use results and notations of [5] 
Sections 9 and 10 in this section. 

Let r be a ribbon tree. Let Co(T) be the set of vertices. We assume that we 
have its decomposition Co (T) = Cg"* (T) U Cq'^* (T) to interior vertices and exterior 
vertices. Let /3(-) : C™*(r) G be a map to a discrete submonoid G of M>o. 

Definition 5.1. We denote by Gr-{k,P) the set of F = (T, Q"'(r), Q''*(r), 
such that: (1) E^ecr(T) ^(^) = ^- (2) H'Co'\T) = k. (3) If /3(i;) = 0, then v has 
at least 3 edges. 

The automorphism group Aut(r) of an element F = {T,C'^\T),C^''\T), (3{-)) 
of Gr~ {k, 13) is the set of isomorphisms (p : T ^ T oi ribbon tree which preserves 
the decomposition Co(T) = C'^J'^T) U C^^'^T) and such that = (3{v). 

We remark that A; = 0, 1, ... in Gr~{k,(3). The case k — is included. We also 
remark that the automorphism of rooted ribbon tree is trivial. 

Let {v, e) be a flag of F, that is a pair of an interior vertex v and an edge e 
containing v. Let b G C . We are going to define Tn(F; b) € R. 

Let Tq, . . . , be the irreducible components of F\i;. We enumerate them so that 
e e To and they respect counter clockwise cyclic order of M^. Together with the 
data induced from F, the tree Ti defines an element F^ € Gr{ki,(3i). Here Gr{ki, (3i) 
is as in [5 Definition 9.1. Namely its element is an element of Gr~ {ki, Pi) together 
with a choice of a base point which is an exterior vertex. In our situation the base 
points of Ti are v for all i. 

Definition 5.2. 



Here fr is defined in [5] section 10. 

We remark that there is no sign in Definition 15.21 since the degree of b after 
shifted is even. 

Lemma 5.1. m(F,w,e;6) is independent of v and e and depends only on F and b. 

This is Proposition 10.1 [5]. Hereafter we write m(F; b) in place of m(F, v, e; b). 
Definition 5.3. 



We remark that we write Tn(F) instead of m(F;fe), since in the case of F G 
Gr~(0,/3) there is no exterior vertex and hence b never appears. 

{H, (■), {m^*^^}, {ml™^}) is an inhomegeneous G-gapped cyclic filtered A^^ alge- 
bra. Let 



be its superpotential. The filtered Aqo homomorphism j : H ^ C induces f, : 



m{T,v,e;b) = (m^,/3(«)(fri ■■■,b),.. . ,frf(&, • • . ,6)),fro(&, ■ ■ ■,b)). 




: M{H;A+) ^ A 



■+ 



M{H;A+)^M{G;A+) by 



OC 



(37) 




k=0f3GG 



The main result of this section is: 
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Theorem 5.1. 

(38) ^'(f46)) = *'=^"(6). 

Remark 5. We consider the case of C = A(L) with H^{L;M.) — 0. Then since 
= 0, the set A^(i/;A+) consists of one point 0. Therefore 7W(C;A+) also 
consists of one point. The invariant of Corollarv ll.il is the value of superpotential 
at this point. 

Theorem 15. II implies that this invariant is 

/3GG /3GGreGr-i(0,/3) ^ ^ ^ 

Proof of Theoreml5J\ Let 6 e = iJ^ (g)R A+. We define 

fc=0/3eGreGr-i(fe,/3) ^ ^ ' 

Lemma 5.2. 

$(6) = ^''=^"(6). 
Proof. In view of Definition 15.31 it suffices to prove: 

(41) {m,,p(b^...M,b) = ik + i) E ^JJm- 

reGr-(fc+l,/3) ^ 



We will prove (|4ip below. 

Let F G Gr~{k + l,/3). Let {uo, . . . = C™'(r) such that vq, . . . ,Vk respects 
the counter clockwise cyclic order of . Let be the unique edge containing Vi . 
We define v[ by de — {vi, v'j}. 

By definition we have: 

m,Ab,---.b)= Y: E ^Aut(r) • 

This is because (r,i;i) G G'r(fc + l,/3) and (F, w^) is the same element as (r,i;j) 
in Gr(k + l,/3) if and only if there exists an element of (/> e Aut(r) such that 

(^(Vi) = Vj. 

Moreover 

(mr,„,(6, ...,b),b)^ m{T,Vi,ei;b, ... ,6), 

where the right hand side in defined in Definition 10.1 5 . By Proposition 10.1 [5], 
m(r, Vi, Ci; b, . . . ,b) is independent of i and is m(r; b). This implies (|4ip . The proof 
of Lemma 15. 2l is complete. □ 

The next proposition completes the proof of Theorem 15.11 □ 

Proposition 5.1. If b E Ai{H; then we have: 
(42) $(6) = *=""(f,(6)). 

Proof. 
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Lemma 5.3. 

fc=0/3eGrGGr-(fe,/3) ^ ^ ^ 

Proof. Let F e Gr^{k, (3) and (u, e) its flag. We obtain the irreducible components 
Fq, . . . , of F \ w as before. By definition we have 

(44) (m,,^(„) (fri (6, 6), fr, (6, ...,&)), fro (&,...,?>)) - m(F; b). 

We remark that the right hand side is independent of (w, e) by Proposition 10.1 [5]. 
If we take the sum of over all F, u with weig ht T^('3)/#Aut(F) then we obtain 
the right hand side of (|43| . On the other hand, if we take the sum of the right hand 
side of ([33]) over all F, e with weight T^'^f^^ we obtain 



E 

(£,/3')#(l,0) 



Since the choice of e for given F, w is + 1, we obtain ([321) • D 
Lemma 5.4. 

(mi,o(f*(&)),f*W) 

'''' =-^Ei: E ^#ci"<n™(r;.). 

/c=0/3eGrGGr-(fc,/3) ^ ^ ' 

Here Ci"*(F) is the set of interior edges. 

Proof. Let (u,e) be a flag of F e Gr~{k^(3) such that e is an interior edge. We 
define m'(F, e, v\ b) as follows. Let T(^o), T'^-^-^ be the irreducible components of F \ e 
such that T^o) contains v. We put Tji) = T^'j^^ U e. Using the data induced from F, 
the trees Tfo): T'ci) induce F(o) G G'r(fc(o), /3(o)), F(i) G Gr(fc(i) , /3(i)). (The roots of 
F(o), F(i) are v.) We define 

(46) m'(F, e, z;; 6) - (mi,o(fr(„ (&,..., &)), fr(o, ■ • • , ^)))- 

Let Wo, . . . , Wfc be the set of exterior vertices of F. Let be the edge containing Vi 
and and dci — {vi, v[}. 

Sublemma 5.1. If v ^ v[, {i — 0, . . . , k) then 

(47) m'(F,e,w;6) = -m(F;6). 
If V ~ v[ then 

(48) m'(F, e, v; b) = -m(F; h) + (m(r,„.)(6, . . . , 5), 6). 

_ffere (F, u^) G Gr{k,f3) and m(^r,vi) is defined in [5] Section 10. 

Proof. We use Lemma 10.1 5 , its proof and notations there, during the proof of 
Sublemma 15.11 

Let F, V, e be as in Sublemma 15.11 We put de — {v, v'}. Let Tq, . . . , Tm be the 
irreducible components of r\w'. We enumerate them so that w G To and it respects 
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counter clockwise cyclic order of M^. Ti together with the data induced from F 
becomes Ti, whose root is v' . By definition 

r(i) = Ti u . . . u r„, u e. 

Therefore by the definition in [5] Section 10, we have 

(49) fr(,, (6, . . . , 6) = (G o mrnMv'))ifr, (6, . . . , 6), . . . , fr„ (6, ■ ■ ■ , b)). 

Therefore 

m'{r,e,v;b) = ((mi,o o G o m„i,^(„/))(fri (&,..., 6), ... , 
^ ' frjb,...,b)),fr,jb,...,b)). 

By Lemma 10.1 [5] we have 

(51) mi,o o G = — G o mi,o + H — identity. 

We first assume v ^ v[. Then r(o) G Gr{k(Q-^, [3(q)) with (A:(o) , /3(o) ) ^ (1,0). It 
follows that fr^oj (6, . . . , 6) G Im G. We remark that 

(ImG,ImG + Imn) = 0. 

Therefore 

m'(r,e,i;;6) = -(m,„,^(^,/)(fri (6, . . . ,6), . . . ,fr,„(6, . . . , 6)), fr^o) • ■ • , ^)) 
= -m(r;6), 

as required. 

li V — Vi then fr^,) is identity. Therefore 

m'{T,e,v:,b) = -{mra,p(v'){frAb, ■■■,b),.. . ,fr,„(6, . . ■,b)),b) 

+ ((n )(fr,(6,...,6),...,fr„(6,...,6)),fo) 
= -m(r;fe) + (m(r,,,)(6,...,6),5). 

The proof of sublemma is complete. □ 
Using Maurer-Cartan equation for b we find 

EE E E#A^'^(^-)(^'---'^) = o- 



Therefore the sum of the second term of (|48)) vanishes. Lemma 15.41 now follows 
from Sublemma 15. II □ 



Since T is a tree we have #Gj"*(r) - #Gi"*(r) = 1. Therefore Lemmas [13] and 
15.41 implv Proposition l5.ll □ 

Using the proof of Theorem 15. II and [5] Section 9, we can prove the following: 

Theorem 5.2. If two gapped inhomogeneous cyclic filtered Aoo algebras are pseudo- 
isotopic to each other, then so are their canonical models. 

We omit the proof since it is a straightforward analog and we do not use Theorem 
15.21 in this paper. 
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6. Wall crossing formula 

In this section we prove Theorem 11.31 We first review the definition of the 
number ^ in more detail. 

We remark that ([8]) is a rational number since we can use multi (but finitely 
many) valued section of A4f{a; J) to define it. (The argument to do so is the same 
as [E]-) 

On the other hand, to prove Theorem 11.31 we need to choose a perturbation of 
A^iHo^; J) so that it is compatible with one in Mk{f3', J)- Here 

(52) Mk{P;J)^ U {t}xMk{l3;Jt). 

te[os] 

Since we use continuous family o/ multi-sections to perturb Mk{P', J), we need to 
use continuous family of multi-sections also for Mf{a;J'). Actually this is the way 
taken in [5] Sections 3 and 5. 

There exists a Kuranishi structure and continuous family of multi-sections on 
Mf{a; J) with the following properties: 

(1) The evaluation map 

(53) (ez;t, ew'"*) : Mfia; J) ^ [0, 1] x M 

is weakly submersive. 

(2) Continuous family of multi-sections is transversal to and ([55]) induces 
submersion on its zero set. 

(3) The image of the restriction of (ewtjew™*) to the zero set of continuous 
family of multi-sections is disjoint from {0, 1} x L. 

This is Lemmas 3.2 and 5.3 of [5]. Let tri : A4f{a; J') pt be the trivial map. 
We use the above continuous family of multisections and define 

(54) Corr(7Wf(a; J);tri,ei;'"*)(l) G A{M). 
([5^ is a smooth differential form of degree 

dimK M - dimR Mfia] J) = 6 - (6 + c\M) n [a] + 2 - 6 + 1) = 3. 
Definition 6.1. We put: 

n(L;a;J)= j Corr(M5'(a; J); tri, ew'"*)(l) £ R. 

We also define: 

n{L\a]J]t) ^ j Corr(7U5'(a; J) neV^([0,^]);tri,e^;'"')(l) e R. 
The submersivity of {evt, ew'"*) implies that n{L] a; J] t) is a smooth function of 

t. 

Theorem 6.1. In the situation of Theorem [731 (A(L), (•), {mj^"^}, {m;^\ ^}) is 
pseudo-isotopic to (A(L), (•), {m^^^}, {m;;'^^ ^ -I- A(/3)}) as inhomogeneous gapped 
cyclic filtered Aoo algebras. Here 

A(/3)= <L-~P-J). 
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Proof. We consider the moduli space ([52|) and evaluation map 

{evt.ev) = ievt,evo, ■ ■ • ,ewfc-i) : MkiP;J) [0,1] x L''. 

By [5] Section 11 we have a system of Kuranishi structures and families of multi- 
sections on A4k{P, J) for (if^u) < Eq, with the following properties: 

(1) The families of multisections are transversal to 0. 

(2) They are compatible with the forgetful map 

(55) for0et,,o : MkiP; J) ^ Mo{P; J). 

(3) For fc > 1 the evaluation map 

is weakly submersive and induces a submersion of the zero set of family of 
multisections, in the sense of [5] Definition 4.1.4. 

(4) They are invariant under the cyclic permutation of the boundary marked 
points. 

(5) They are compatible with the identification ([26|) . 

(6) We consider the decomposition: 

{evt-,evQ) ^ {evt-,evQ) Mi{i32;J)) 

(56) ^'^^"^^ 

U U U {t}^ {Mf0;Jt)evo^MLy 

te[0,l] i3:i,{f3)=f3 

Then the Kuranishi structures and the families of multisections are compat- 
ible with ([56|l . We use the Kuranishi structure and families of multisections 
on A4f{(3; Jt) which is explained in this section for the second term of the 
right hand side of ([56|) . 

(7) The evaluation map, evt ■ Mo{P]J) — > [0,1] is weakly submersive and 
induces a submersion of the zero set of family of multisections, in the sense 
of Definition 4.1.4. 

(8) At io = 0, 1 the induced Kuranishi structure and families of multisecitons 
on Mk{P] J)f^ev^'^{{tf)\) coincides with given choices Kuranishi structures 
and families of multisecitons on A4k{f3', Jto)- 

This is mostly the same as one we used in the proof of Proposition 14.11 The 
only difference is the second term of ([56]) . It appears since the fiber product 
■Mf{(3; J')evo Xm L can be nonempty in the situation where we consider one pa- 
rameter family of complex structures. 

We now define ^, ^ for fc > in the same way as ([51]) using Mk{P]J) 
in place of [0, 1] x Mk{l3] J). 

We finally define m*_j^ ^ as follows. We put: 

(57) Corr,(7Wo(/3; J); tri, evt){l) = p{t) + dt A a{t) 
and define 

(58) mU,p = pit)+ J2 ri{L-p-J;t). 

We can prove (A(L), (•), {tn^ {c^ ^}) is a pseudo-isotopy of gapped cycfic filtered 
Aoo algebra mod in the same way as [5] Section 11. 
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To prove (A(L), (•), {m^ {c^ {m^;^ ^}) is an inhomogeneous pseudo-isotopy 
of gapped cyclic filtered A^o algebra mod T^" it suffices to prove ([TOl) . Let < 
ti <t2 <l. We have: 

- ({ii} X Moifi; JtJ) U ({t2} X Xo(/3; JtJ) 

II (A^i(/3i;J) Mi(/32; J)) newt-\[ti,i2]) 

(59) U U 

U U U {t}^{Mf0;Jt)evo^ML 

te[ti,t2] i3:i,{l3)=f3 

We apply Stokes' theorem (^5 Proposition 4.2) to obtain: 

(60) rn\p-m\^^ Yl r(4,ft(l),mU(l))'^^- 

Here the sum of the fst and 3rd terms of (I59p gives the left hand side of ([60]) . 
We obtain ^ by differentiating ([eO]) . 
We remark 

mii^^ = m:^\^^ + ^ n{L-{3-J). 

The proof of Theorem 16. f I is complete. (Actually we need to go from modulo 
version to Theorem 16.11 itself. We omit this part since it is the same as one for 
Theorems O and mU ) □ 

7. Convergence 

In this section we prove Theorem 11.21 Actually most of the ideas of the proof 
is in [5] Section 13. Let b ~ Y^iLl^i^i^ where is a basis of H^{L;^). We put 
Vi = For (3 £ H2{X, L; Z) we define d^(3 G Z by 9/3 = ^^i^ d^Pe, and define 

(61) y'' = Ylyr- 

4=1 

Theorem 7.1. We regard the superpotential ^'(6; J) as a function of Xi then we 
have: 

(62) ^(6; J) = ^ T'3nHm:^i_^y^'3. 

/3eG 

Theorem II. 21 1 follows immediately from Theorem 1 7. II 
Proof. Let p be a closed one form on L. By definition we have 

(mfc,/3(p, ...,p),p) 

= Gorr{Mk{P;J); {evi, . . . , ewfc, ewo), tri)(p x • • • x p) e A°(pt) = R. 

Then, by the same argument as the proof of Lemma 13.1 [5], we have 

1 

fc!' 

Theorem 17. II follows easily. □ 



{mi^ip, . . . , p), p) = -,iP n dp)''+'mi,^f,. 
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We turn to the proof of Theorem 11.21 2. We take a Weinstein neighborhood U 
of L. Namely U is symplectomorphic to a neighborhood U' of zero section in T*L. 
We choose 5i so that for c = (ci, . . . , Cf,J € [— ^i, the graph of the closed one 

form X]i=i Ci^i is contained in U' . We send it by the symplectomorphism to U and 
denote it by L[c). We may take 82 < Si such that if c = (ci, . . . , ctj e [—(52, +^2]''^ 
then there exists a diffeomorphism Fc : ^/ ^ M such that 

(63) i^c(i) = i(c), 

(64) {Fc)*J is tamed by w. 

Then we have an isomorphism 

(65) Mo{L{c); {F-^nf3), (F,), J) - Xo(i;/3, J). 

We can extend this isomorphism to their Kuranishi structures and family of multi- 
sections on them. We can then use Proposition 15.11 and (p5|) to obtain: 

Here we include L and L(c) in the notation to clarify the Lagrangian submanifold 
we study. Theorem 17.11 and [51 Lemma 13.5 then implies: 

(67) ^{y; L(c); (Fe).( J)) - ^{y{c);L; J), 

where we put y{c)i = T-'^'^'^y,. In §7ij we include L in the notation of superpo- 
tential to clarify the Lagrangian submanifold we study. We regard superpotential 
as a function of yi by using Theorem 17.11 

Since the right hand side converges in A({yi , . . . , j/b^ , j/j"^ , . . . , y^^)) , it follows that 
^'(j/(c); L; J) converges for c = (ci,...,Cbj) with \ci\ < 5. This implies Theorem 
02. 

3 and 4 of Theorem 17.11 follows from Theorem 11.11 The proof of Theorem 17.11 is 
complete. □ 

Once the convergence is established, Propositions l2.H[2?2l and Theorems l3.HI4.1| 
15.11 are generalized in the same way to our larger domain of convergence. 



8. Concluding remarks 



8.1. Rationality and integrality. 

Conjecture 8.1. In the situation of Corollary [TTT] we have ^''=''"(0; J) G Q. 

We remark that filtered Aoo structure on H{L) is constructed in [7] over A^^g^- 
In [5] and in this paper, we work over R coefficient to use continuous family of 
multisections and de Rham theory for construction. This is the reason why we can 
not prove Conjecture EH] by the method of this paper. 

Conjecture 8.2. There exist integers 0^ e Z for each /? G H2{M, L-.Z) such that 
(68) *-(0;J)^ Yl <^'^4/d- 

This is an anolog of the corresponding conjecture for Gromov-Witten invariant 
of genus zero. (See [H].) The factor is discussed in [16] . 



22 



KENJI FUKAYA 



8.2. Bulk deformation and generalization to non Calabi-Yau case etc. In 

this paper we assumed dime M ~ 3, c^{M) = 0, /iL = 0. This assmiiption is used to 
define m'^^ p. Namely it is used to show that the (virtual) dimension of L; J) 

is 0. We may use bulk deformation ([7J Section 3.8) to obtain a numerical invariant 
in some other cases, as follows. 

We consider the moduli space A4g^k{P', L; J) of bordered stable J-holomorphic 
curve of genus zero with £ interior marked points and k boundary marked points, 
one boundary component and of homology class /3. Let ui , . . . , cr^ be closed forms 
on M . We may consider 

Corr(X,,o(i;/3; J); (ew'"*,tri))(ai, ...,ai)e A*(pt) = R 

if * = n + /i(/3) - 3 + 2£ - deg = 0. 

We obtain similar numbers by considering A4e_k{L; (3; J) and differential forms 
on L. The algebraic structure behind this 'invariant' is not yet clear to the author. 
So the study of them is a problem for future research. Another case where numerical 
invariant is defined is the case when M is a toric manifold and L is its orbit. In 
that case 7W^^fe(L; /3; J) of /3 G H2{M, L; Z) with Maslov index > 2 only is related 
to our structures. See [S] and references therein for this case. 

8.3. The case of real point. We assume dime A/ = 3 and let t : M ^ M be J- 
anti holomorphic involution. We assume that L — {x £ M \ t{x) — x} is nonempty. 
Then it becomes a Lagrangian submanifold. We assume L is r-relatively spin (See 
[6j Chapter 8 for its definition. [6J Chapter 8 will become 0.) (If L is spin then 
it is r-relatively spin.) Then in ^ Chapter 8 Sections 34 and 38, we constructed 
m'^ ^ such that 

(69) <r.(/5)(^l' ■■■,^k) = {-lf+^+*Xaip(xk, . . . ,Xi) 

where * = Eo<i<j<fe ^eg' deg' Xj. ([8] Theorem 34.20.) We can combine the 
construction of 8, with one in [5] and can define inhomogeneous cyclic filtered A^o 
algebra (A(L), (•), {m'^^}, {m:^^ ^}) satisfying ([^ . Moreover m:^^ ^ satisfies 

(70) mi^^^^^p) = m\p. 
Then its superpotential satisfies 

(71) ■^{-b-L-J) = ^[b-L-J). 
In particular 5 = is a critical point. 

Conjecture 8.3. The critial value ^'(0;L; J) is equivalent to a particular case of 
the invariant by Solomon [18] . 

We can prove ^'(0; L; Jq) = ^"(0; L\ Ji) if there exists a family of almost complex 
structures Jt such that Jt = —Jt- In fact we can show 

(72) n(/3; L; ^) = -n(n/3; L; J) 
for such J — { Jt}. 

If we can generalize this construction in a way suggested in Subsection 18.21 it 
seems likely that we can reproduce the invariants of Solomon and Welschinger [52] . 

The superpotential we defined in this paper is also likely to be related to the 
numbers studied by Walcher [2Tj. (For such a purpose we need to include flat 
bundle on L. In fact in [21] it seems that several flat connections are used to cancel 
the wall crossing term which appears in ([8]).) 
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8.4. Generalization to higher genus and Chern-Simons perturbation the- 
ory. The right hand side of the formula ((39|) has obvious similarity with the in- 
variant of Chern-Simons perturbation theory (pj). It seems very likely that we 
can combine two stories to obtain an invariant counting the number of stable maps 
from bordered Riemann surface with arbitrary many boundary components and of 
arbitrary genus. Its rigorous definition is not know at the time of writing of this 
paper. The author is unable to do it at the time of writing of this paper because of 
the transversality problem. Here we describe some ideas and explain the difficulty 
to make it rigorous. 

Let T be a ribbon graph. Namely it is a graph together with a choice of cyclic 
order of the sets of edges containing each vertices. It uniquely determines a compact 
oriented 2 dimensional manifold S(r) without boundary and an embedding i : T — > 
I](r) such that the cyclic order of the edges are induced by the orientation of S(T) 
and that the connected component of the complement \ T are all discs. (We 

do not assume that T or S(T) is connected.) 

Let Co(T) be the set of vertices and let I = 4f^Co{T). For v, e Co(T), let h be 
the number of edges containing Vi. Let e^^i, . . . ,6^^^. be the set of such edges. The 
set of the pair (ti^, e^j ) where i = 1, . . . , £, j = 1, . . . , fe; is called a flag. Let F1(T) 
be the set of flags. 

We next consider a compact oriented 2 dimensional manifold E with boundary 
dY,. We assume dYj has at least £ connected components diY,, i = and on 

diTi we put ki boundary marked points. There may be other component of i9S], on 
which we do not put boundary marked points. (We remark that we do not assume 
that E is connected.) Each of the boundary marked points thus corresponds to an 
element of F1(T). 

Let (3 e H2{M, L-jZ) where M is a 6 dimensional symplectic manifold with 
c^(M) = and L its Lagrangian submanifold such that H^{L; Q) = 0. We consider 
the pair (j, v) where j is a complex structure on E and v : (E, 9E) — > {M, L) is 
a, j ~ J holomorphic map. Let A^(E;/3;L; J) be the moduli space of such pair. 
(We take stable map compactification. It has a Kuranishi structure of dimension 
#F1(T).) Evaluation map at each boundary marked points gives 

(73) ev: Mi^; 13: L; J) ^ L*^^(^\ 

We next consider the operator G : A{L) A(_L) of degree -1-1 as in Lemma 10.1 
[5]. We can associate a distributional form G on L x L or degree 2 such that 



{G{u),v) = J GA{uxv). 

(See [T].) For each edge e of T we have -Kg : — > L^, that is the projection 
to the factors corresponding to {v,e), {v',e) where de — {v,v'}. We now 'define' 

(74) m(T;E;/3;L;J)= / ev* I TT <(G) 

To define the right hand side of (|74p rigorously, we need to take an appropriate 
perturbation of our moduh space yV4(E; /?; L; J) and use it to define its virtual 
fundamental chain. 

The case when the genus of E is 0, E has only one boundary component, and 
T is a tree, is worked out in this paper and [5]. In that case, it is important to 
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find a perturbation so that it is compatible with the process to forget boundary 
marked points. As we remarked in |5J Remark 3.2, the way we constructed such 
a continuous family of multisections in this paper and in [5] uses the fact that the 
genus of S is 0. So it cannot be directly generalized to higher genus case. 
If we can find appropriate way to rigorously define (j74p , we then put 

(75) *(5, T; L-J) = Y, ^2-x(s#s(t)) ^.^nH^^j.. ^. p. ^. jy 

This is expected to become an invariant of M, L, J. 

Here 'E^Y,{T) is defined as follows. For each v e Co{T) we remove a small ball 
B{v) centered at v from S(r). We then glue dB{vi) with the i-th boundary com- 
ponent of S. We thus obtain I]#S(T) which is a compact oriented 2 dimensional 
manifold with or without boundary. x(S#E(T)) is its Euler number. We take the 
sum for T, S such that E#E(T) is connected. (Here the sum is over topological 
type of E and T . We actually need to divide each term by the order of appropriate 
automorphism group in a way similar to (|39p .) S' is a formal parameter which is 
called string coupling constant in physics literature. 

Problem 8.1. Let M,L,J be a triple of symplectic manifold M, its Lagrangian 
submanifold L, and its tame almost complex structure J, such that dimL = 3, 
c^{M) = = /ii, H^{L;Q) = 0. Define an invariant -^[S,T;L;J) such that at 
T = it becomes perturbative Chern-Simons invariant and at S* = it becomes 
the invariant of Corollarv ll.il 

Remark 6. The study of Chern-Simons perturbation theory suggests that we need 
to fix framing of L in order to obtain an appropriate perturbation. 

When we generalize the story to the case H^{L;Q) ^ 0, we need to consider 
the case when T has exterior vertices and S has a boundary marked point on 
the component other than hi components diL. In that case we expect to obtain 
certain algebraic structure on H^{L; Aq). We believe that involutive-bi-Lie infinity 
structure (4^) is appropriate for this purpose. More precisely this is the case when 
at least one element of H^{L; Q) is assigned to each of the connected component of 
the boundary. (In genus it corresponds to mk,i3 with k > 0.) If we restrict to such 
cases, the wall crossing phenomenon (the J dependence) does not seem to occur. 
Namely the algebraic structure is expected to be independent of J up to homotopy 
equivalence. (This is certainly the case of genus zero as is proved in [5].) 

8.5. Mirror to Donaldson-Thomas invariant. Let M be a symplectic manifold 
of dimension 6 and c^(M) = 0. We consider the set £ag(M) of paris {L, [b]) such 
that L is a relatively spin Lagrangian submanifold with — and [b] £ M{L; Aq). 

We say (L, [b]) ~ {L', [b']) if there exists a Hamiltonian diffeomorphism F : M ^ 
M such that L' = F{L) and Ft{b) is Gauge equivalent to b'. Let £ag{M) be the 
quotient space. The quotient topology on £aQ{M) is rather pathological. Namely 
it is likely to be non-Hausdorff in general. We also need to take appropriate com- 
pactification of this moduli space by including singular Lagrangian submanifolds, 
for example. (Such a compactification is not known at the time of writing this 
paper.) 

On the other hand, we can define a 'local chart' of £a0(M) as follows. Let 
{L,[bo]) G £ag(Af). We take 6 > small such that for L(c) with c — ^Cie^, 



COUNTING PSEUDO-HOLOMORPHIC DISCS 



IN CALABI-YAU 3 FOLD 



25 



\ci\ < 6, there exists Fc as in ([63]) . ([64]) . We consider 

A{6) = {{yi,...,yb,) \ y^ £ A, < 5}. 

Then a neighborhood of {L, [69]) is identified with the set of (yi . . . , ym) G A(5) 
satisfying the Maurer-Cartan equation 

00 

(76) ^^mfc,;3(2/i, • ■ • ,2/™) = 0. 

/c=0 13 

We remark the equation ([75]) is well defined by Theorem 11.21 

t/i = e^' = T'^^y[ with q = then fo' = loS2/i^j ^'^'i ^(c) defines an element 
of £ag(M; (Fc) * J). (See Section [7] and [5] Section 13.) Using the independence 
of Maurer-Cartan scheme of almost complex structure, we obtain an element of 
£a0(M) — £a0(M; J). Thus, one may regard £,aQ{M) as a kind of 'non-separable 
rigid analytic stack'. 

We remark that the equation ((76|) is equivalent to 

Vy-^ = 0. 

Thus our situation is similar to one which appears in Donaldson-Thomas in- 
variant. (Thomas [19], Joyce [13], Kontsevich-Soibelman [15].) There the role of 
superpotcntial is taken by the holomorphic Chcrn-Simons invariant. 

Problem 8.2. (1) Find an appropriate stability condition for the pair (L, [&]) 
and use it to construct a moduh space £ag*'*(Af) of stable pairs (L, [&]) 
which has better properties than £ag(M). 

(2) Define an invariant which is the 'order' of £ag''*(A/) in the sense of virtual 
fundamental cycle. 

(3) Prove that it coincides with Donaldson- Thomas invariant of the Mirror 
manifold of M . 

It seems to the author that this problem is very difficult to study at this stage. 

Remark 7. After [5] had been put on an arXiv, and at the time of final stage of 
writing this article, a paper [12j was put on an arXiv, where a different construction 
of a similar invariant as one in Corollarv ll.il (over Q) is sketched. 
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